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Process of muon (pion) pair production with small invariant mass in the electron- 



positron high-energy annihilation, accompanied by emission of hard photon at large 
angles, is considered. We find that the Dell-Yan picture for differential cross section 
is valid in the charge-even experimental set-up. Radiative corrections both for 
electron block and for final state block are taken into account. 



I. INTRODUCTION 
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with creation of a hadronic system provide the laboratory for studying the hadron states 
created by virtual photon. Special interest is paid to the case when the invariant mass 
of hadron system yfs{ is small compared with the center-of-mass total energy y/s = 2s. 



Here such interesting physical quantities as the form factor of pion and nucleon can be 

•i— I , 

^ ■ investigated. The process of radiative annihilation into muon and pion pairs, considered 
here, plays a crucial role as a normalization one as well as the ones, providing an essential 
background process in studying the hadron creation. Description of its differential cross 
section with a rather high level of accuracy (better than 0.5%) is the goal of our paper. 
We specify the kinematics of radiative muon pair creation process 

e_(p_) + e + (p + ) -> fi-(q-) + M?+) + (1) 
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as follows: 

p 2 ± = m 2 , q 2 ± = M\ k 2 1= 0, 

X± = 2hP±, X± = 2hq±i s = 0_+p+) 2 , si = (g_ + g+) 2 , 
t=(p_-g_) 2 , t 1 = (p + -g + ) 2 ; u = (p_-g+) 2 , ui = (p + -g_) 2 , (2) 

where m and M are the electron and muon (pion) masses, respectively. Throughout the 
paper we will suppose 

s ~ — t ~ — £1 ~ — u ~ —Mi ~ x± ~ X± ^ s i ~ M 2 ^> m 2 . (3) 

Situation where s ^> sj ^> M 2 is allowed too. 

We will systematically omit the terms of order M 2 /s and m 2 / s\ compared with ones of 
order of magnitude of unity. In O (a) radiative corrections we drop also terms suppressed 
by the factor Si/s. A kinematical diagram of the process under consideration is drawn in 

Fig.m 




Fig. 1: Kinematical diagram for a radiative event with a small invariant mass s±. 

In this paper we will consider only the charge-even part of the differential cross section, 
which can be measured in an experimental set-up blind to charges of the created particles. 
A detailed study of the charge-odd part of the radiative annihilation cross section in general 
kinematics will be presented elsewhere. 

Our paper is organized as follows. The next Section is devoted to the Born-level cross 
section. Radiative corrections to the final and initial states are considered in Sect. 11111 In 
Conclusion we give some numerical illustration and discuss the resulting precision. Some 
details of calculations and useful formulae are given in Appendix. 
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II. THE BORN LEVEL CROSS SECTION 



Within the Born approximation, the matrix element of the initial state emission process 
has the form: 



M B = ± —v(p, 

Sl 



p- — k\ + m A A — p + + k\ + m 

— ^ u e + e ^nr — % 



with 



for muon pair production, and 



J p = u(q-)Yu(q+) 



-2p+h 



u(p_)J p 



(4) 



(5) 



(6) 



for the case of charged pions, F str (si) is the pion strong-interaction form factor. 
The corresponding contributions to the cross section is 



a" 



;R 3 



HP = B pa i p °J\ 



Mi 



dr 8vr 2 ss? ' " " " pa ' " pa 

+P+)pcr, 

( Sl + x+) 2 + (si + X_) 2 „ l.sj 



B 



B 



4si 



ii 



22 



(7) 

X+X- X+X- X+X- 

where we used the short notation (qq) pa = q p q a i {pq) P a = P P q a + q P Pa- For the case with the 
muon final state 



igf) = 4 



si 



(q+q-) P a ~ 9 P aTT 



For the case of pions, 



V 



F str ( Sl ] 



- ?+)/>(?- - 9+)<r- 



(8) 



(9) 



Here we put also the formulae for Born cross section in the case when only terms of order 
(m 2 /s) are omitted and hard photon are emitted on large angle #(see P]): 



da 



B 



a 



9+ ^ 



df2_df2 7 dc<j 2-7r 2 s 2e — w + ui cos # 

. t 2 + t\ + M 2 + Uj , JJr tt r , 

^ = M^even + ^ odd ] 



.4. 



(10) 



ss± 

s si ( M 2 

< \ i n 4~ ; r~ 4" C4 I 

X+X- X+X- V s 



w odd 



tl 



t 



X+X+ X-X- 



+ 



u 



X-X+ X+X- 



V s 



4 



for muon pair production, and for pion pair production 

dog a 3 tu + t\U 



^Weven + Wodd] 



(11) 



dr An 2 s ss\ 

Functions W even and W Q dd give rise to the charge-even and charge-odd contributions to the 
cross section. In quantity W even the term s/(x+X-) i s the m ost important in our kinematic 
region. In what follows, only the even part will be taken into account. 
In our kinematics some simplification takes place: 

1 + c 2 „ „ 16si 



B„ 



1-c 2 



Bxx = B 2 2 



s 2 (l-c 2 



with 



c = cos(p_(f_) = cos 6. 



(12) 



(13) 



We will suppose that the emission angle of hard photon lies outside the narrow cones 
around the beam axis tt — 8 < Q\ < 6 , with 9q <C 1, e ^> M. For initial state radiative 
process (in paper the scattering channel was considered). The phase volume of the final 
particles is 



dr 



d 3 g_ d 3 g + d 3 A; 



1 c-4 



q- 



h). 



(14) 



E- e + uoi 

For the case of small invariant mass of created pair s\ <C s it can be rewritten as (see figC]) : 

dr = 7r 2 dx_dcdsi, 



(15) 



with 



x± = — , X + + X- 

e 



t 



— SX-(1 — c) 



U 



1, UJ 
— SX+(1 + c 



1 r- s(l±c) 
2^' X± = ^— 



— sx+(l — c) 



u 



Ui 



— SX-(1 + c) 



2 1 2 1 2 1 2 

In the limiting case of small invariant mass of the created pair omitting terms of the order 
Si/s and M 2 /s, the Born level cross section takes a simple form: 

a 3 (l + c 2 ) 



SSi(l — c 2 ) 
a\l + c 2 ) 
ss%(l — c 2 ) 



2a + 1 - 2x_x 
—a + X-X + 



I(l_/3)< a; _<i(l + /3) J (3 



AM 2 
1 , a 



dx_dc dsi, 

dx_dc dsi, 
M 2 



(16) 



Si Si 

Here (3 is the velocity of a pair component in the center-of-mass reference frame of the pair. 
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III. RADIATIVE CORRECTIONS 

Radiative corrections (RC) can be separated into three gauge-invariant parts. They can 
be taken into account by the formal replacement (see(jZJ|): 

K " } U (17) 

si s ?|i-n( Sl )| 2 [ ' 

where IT(si) describes the vacuum polarization of the virtual photon (see Appendix); K pa is 
the initial-state emission Compton tensor with RC taken into account; J J pa is the final state 
current tensor with O (a) RC. 

First we consider the explicit formulae for RC due to virtual, soft, and hard collinear 
final state emission. As concerning RC to the initial state for the charge-blind experimental 
set-up considered here, we will use the explicit expression for the Compton tensor with 

n 

heavy photon K pa calculated in the paper of one of us |2j for the scattering channel and 
apply the crossing transformation. Possible contribution due to emission of an additional 
real photon from the initial state will be taken into account too. In conclusion we give the 
explicit formulae for cross section, consider separate the kinematics of collinear emission, 
and estimate the contribution of higher orders of perturbation theory (PT). 

A. Corrections to the final state 

The third part is related with lowest order RC to muon and pion current 

•V = $ (18) 

The virtual photon contribution i p v J takes into account the Dirac and Pauli form factors of 
muon current 



JM = n(g-)[ 7 pFi(*i) + lpq F 2 (s 1 )}v( q+ ), q = q + + q-, s 1 = q 2 . (19) 



qi P - ipQ 

• P " = u \q-)[lp r i^ij -r 

We have 



(20) 



Here £ means sum over muon spin states and 



£|j<*>|» = £ 



-8(si + 2M 2 )/ M - 12 Sl f. 



(/*) 



E l j( ^±! 2 = -* 2 (1 ± cKx+x-fP + -& ] ), (21) 
z — / n 4 
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see Appendix for details. For the pion final state we have 



gpa^vn) _ 2^pcr^(07r) jQED 



f 



(4M 2 - Sl )B g + -s 2 B u (x + - x_) 2 (l + c 2 ) 

o 



(22) 



The explicit expression for the electromagnetic form factor of pion is given in Appendix. 
The soft photon correction to the final state currents reads 



l pc 



7T 



per 



Ai/2' 



4tt/ 



d 3 /c 



f g+ g- 



u; \g+^ 9-^ 



1 + /3 2 
2/3 



1 

2 



.<Ae ^ 2/5 1-/3 
1 + /3 ,_ 1 + ,_ 1 - /3 2 7T 2 
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1 + /3 2 1 + /3 1 . 1 Ae 2 M 2 
In — 1J m 



-g In 2 - — — ^ — In - — '-^ In — ^ — 2Li2 



i 

o 

+Li 2 



dt f l-t 2 (x 
In 1 + — — ^ 



1 - (3 2 t 2 
1 + P/r 



1-/3 1-13"' 4 

nr. \2 



(3-1 
P+l 



(23) 



+ Li 



4M 2 

Sl 



1-/3 
1 -/3/r 

1 ( lx + 




Li 9 



x+J 



:ln(i±|)ln(l + ^-z/ / 3 2 ) 
1+/3 



1 -/3/r 



Li 2 



|x + — x_ 



l+(3 
1 + P/r J' 

, A — — . 



The contribution of an additional hard photon (with momentum k 2 ) emission by the 
muon block, provided s 1 = (q + + q_ + /c 2 ) 2 ~ Si <C s can be found by the expression 

]3, 



(7^ 



(24) 



with 



\J^\ 2 = 4Q 2 (si + 2A; 2 g_ + 2A; 2 g + + 2M 2 ) - 8 



(fc 2 g_) 2 + (k 2 q + f 
(k 2 q-)(k 2 q+) 



Q = 



q^k 2 q+k 2 



and 



-8Q 2 (q-P±)(q +P ±) + S( P± k 2 ) [Qq 



P±Q- 
' q + k 2 



Qq- 



P±Q+ \ 
q-k 2 ) 
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For the case of charged pion pair production the radiative current tensor has the form 



•(far) 

V 



a 



K tr (§i)\ 2 



4tt 2 _ 

+9/XT 

Qi = q-- q 



d 3 k 2 
1 



M 2 M 2 
—^—{Q\Qi)pa H — —{Q2Q 

X2- X2+ 



2)pu 



q+q- 



X2+X2- 



(Qi,Q 



2)pa 



X2- 



{QuQ- 



Ipa 



+ 



X2H 



■(^2,9- 



(26) 



Q2 = 9- - q+ - k 2 , X2± = 2k 2 q±- 



One can check that the Bose symmetry and the gauge invariance condition is valid for the 
pionic current tensor. Namely it is invariant regarding the permutation of the pion momenta 
operation and turns to zero after conversion with 4-vector q. 

The total sum of RC to the muon current does not depend on Ae/e. 

B. Corrections to the intial state 

Let us now consider RC to the Compton tensor with RC, which describe virtual correc- 
tions to the initial state. In our kinematical region it will be convenient to rewrite the tensor 
explicitly extracting large logarithms. We will distinguish two kinds of large logarithms: 



s s 
l s = In— h = In—. 

m z s\ 



We rewrite the Compton tensor (JT7jl in the form: 

K pa = {l + ^-p)B pu + ^- [T g g pa + Tii(p_p_) pCT + r 22 (p+PH 

Z7T Z7T 



)pa ~ -Tl2(P-P+)pv 



P 

with Ti = dili + bi and 
2si 



hi 



X+X- 
2 



Tii 4 9 

-4 In -(/ s - 1) - l] + 3l s - 3h + -ti 2 - -, 



2^ + 4s + 4( S 2 + & X _) b i(2c- X -) 2s + X+ 



X+X- a a 2 c 2 \- X 



X+X 
si 



_ s (1+ ) G __ S (2 
X+ 

s A(s 2 + bx~ 



X 2 - 



Si6 2 (2c — X- 



c 2 x- 



ln 



K21 



{2s + x+) In 

X+ X 



(I 



As - 2si - x- 



(27) 



(28) 



(29) 



(30) 



8 



Ol2 



2si 



X+X- 



4ssi 8(x + x- 



X+X- 



4s , 

+ 4ssi 

a 



CX- 



»Xh 



+ (2 - s - s i 1 \ \ ( ^ ~ ^ 



(31) 



'12 



X+X- 



^(sc - + ^-(sb - X-X+)G+ 

X+ X- 



+ s 1 



2ssi + 4x-X+ 4ssi 



cx- 



ln h St 

X+ 



2ssi + 4x-X+ 4ssi 



6 2 



+ 



»Xh 



In 



X- 



+ 



8(s 2 -X+X-) 



2s I — + ^- I +2si + 10s 



-2s 



+ 



b 

c ( 3s 



X+X- ay x 

1 2s6 + x 2 
— — + 

X+ X+ X- 

c /3s 



X- 



3s 
c 



(32) 
(33) 



6„ = -—r-^ 



X- X- x+ 



Xh 



l|ln^-A 



X- 



X- 



3s 



- 1 In 



Xh 



+ 



2s 2 



x 2 + 



Xf 



2X+X- 



(34) 



-(.X+ + X-), b 



si + x_, c =si + x+ 



-ln 2 *± + 



3 
2tt 2 



2Li 



s 

— 2Li 2 (l-^ 

3 V s 



- ) - 2Li 2 ( 1 + — 

X- 



2Lio 



X+ 



r 22 (x- ) x+) = ni(x+,x-)- 

Infrared singularity (the presence of photon mass A in p) is compensated by taking into 
account soft photon emission from the initial particles: 



A 



[•_> 



1 f d 3 k ( p. 
Air 
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da 



P- 



soft 



dcr -Ai2, 



7T 



(35) 



p + k p^k 



7T 



o<Ae 



v 1 Xe 2 s 3 



result the quantity p in formulae (|28j) will be 



P^Pa = (41n^ + 3)(Z.-l)-3Z 1 



27T 2 _ 3 

3 ~ 2 



(36) 



Cross section of two hard photon emission for the case when one of them is emitted 
collinearly to the incoming electron or positron can be obtained by means of the quasi-real 
electron method Q: 

dd 3 B (p-(l-x 3 ),p + ;ki,q+,q-) 



UCI 77, coll 

dx_dc dsi 



dW p _(k 3 ) 



+ dW p+ (k 3 ) 



dx_dc dsi 
d& 3 B (p-,p+(l -a; 3 ); k 1 ,q + ,q_] 
dx_dc dsi 



(37) 
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with 



dif,(«=-[(i- IS 4)h w 

7T 



(1-^3)] 



x 3 



LJ3 

e 



x 3 > 



As 



(38) 



2 ' mf " x 3 £ ' £ 

Here we suppose that the polar angle #3 between the directions of the additional collinear 
photon and the beam axis does not exceed some small value 9q -C 1, eOq 3> m. 

The boosted differential cross section da 3 B (p-X, p+y; ki,q + ,q~) with reduced momenta of 
the incoming particles reads (compare with Eq. (jlfij) ) 

da^(p + X2,P-Xu k t ,q + ,q-) a 3 (l + 2a - 2v + v_)(x\(l - c) 2 + + c) 2 ) 



dx_dcdsx 
dal(p + x 2 ,p-x 1 ;k 1 ,q + ,q. 
dx_dcdsi 



s 1 sx 1 x 2 (l - c 2 ){xi + x 2 + c(x 2 - Xx)) 
a 3 (z/_(f - u_) - o){x\{\ - c) 2 + x 2 (l + c) 



Sisxlx 2 .^ — c 2 )(xi + x 2 + c(x 2 — Xi)) 



X- 

, 2/2 



2xix 2 



(39) 



Xi + x 2 + c[x 2 - Xi) 

In a certain experimental situation, an estimate of the contribution of the additional hard 
photon emission outside the narrow cones around the beam axes. It can be estimated by 



a 



drr j 

77, noncoll 
dx_dc dSi 47T 5 



d% 

U) 3 



1 da^(p_,p+(l 



£ 2 + (e-^ 3 ) 2 j/ 1 da 3 B {p^(l -x 3 ),p+; h,q + ,q. 
eu 3 

x 3 ); h,q+,q- 



k 3 p. 



dx_dc dsi 
, x 3 = 



6» 3 >6»o, Ae<u 3 <ui 



f. (40) 



k 3 p + dx„dc dsi 

It is a simplified expression for the two-photon initial state emission cross section. Deviation 
for the case of large angles emission of our estimation from the exact quantity is small. It 
does not depend on s and slightly depends on 8q. For 6 ~ 1CT 2 we have 

/(d u 77, noncoll 



da 3 ) 

77, noncoll exact) 



Ida 3 



< 10 



-1 



(41) 
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C. Master formula 



By summing all contributions for charge-even set-up we can put the cross section of 
radiative production in the form: 

dxidx 2 da 3 B (p + x 2 ,P-X 1 ;ki,q + ,q-) 



1 1 



da 3 (p+,p_;fci,g + ,g_) 
dx_dc dsi 




|1 — II(sXiX2)| 2 

1 

xD(.r l .l,)D(.r 2 .lj( 1 +~K j ) +^ fdx 



dx_dc ds\ 
1 + (1 — x^ 2 L 



(42) 



x 



\n-j-+x 
4 



x 



da 3 B (p_(l - x),p + ;k 1 ,q + ,q_) da B {p_,p + (l - x)\ k u q+, q. 



dx_dc dsi 



dx_dc dsi 



+ 



drr j 

77, noncoll 

dx_.dc dsi 



D(x, l s ) = 5(1 -x) + ^-P {1 \x)(l s - 1) + 

Z7T 



pd), 



X) 



1 + x 2 
1 — X 



J = /i,7T. 



The boosted cross sections da is defined above in Eq. (|39|). The lower limits of the integrals 
over x\ t 2 depend on experimental conditions. 

The structure function D include all dependence on the large logarithm l s . The so-called 
fT-factor reads 



K j = —B' 



Act ( -{v) j . ^{s)j , -{h)j 



3 4 



(43) 



j^j ^ Act Act Act 

It includes the RC which connected with final state interaction. 

Quantities By) include the " non- leading" contributions from the initial state radiation. 
Generally, they are rather cumbersome expressions for the case s\ ~ s. For the case s± ~ 
M 2 Cswe obtain 



1-c 2 



+ 



16(1 + c 2 ) 
2 



l + c 2 
! 1 -c 2 



32 



5 + 2c + c 2 
1-c 2 



In 2 



'1 - 2x_x+) + 2a 



l + c 2 

4x+x_ - 2- + 4a 



1-c 2 



16(1 + c 2 
l + c 2 



5 + 2c + c 2 



1-c 2 
2 |> + (c-> -c). 



In 2 



1-c 2 
2 



l + c 

+ (c- 



4 In , 

l+c \l+c 



(44) 



4 In , 

l + c V 1 + c 



t _ c2 ■-, .v- -, (45) 

Here we see the remarkable phenomena: the cancellation of terms containing ln(^-). In such 
a way only one kind of large logarithm ln(s/m 2 ). This fact is the sequence of renormalization 
group. 
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IV. CONCLUSION 

In paper Q the RC to one-photon annihilation of ee to hadrons was calculated beyond 
the leading logarithmic (LL) approximation. In paper |2j the heavy photon Compton tensor 
was calculated for the scattering channel. 

We had considered the charge-even contributions, which correspond to the charge-blind 
experimental set-up. The charge-odd contribution to the cross section under consideration 
appears starting from the Born level [see Eq. (JTUJ)]. In the kinematics discussed here, the 
odd part of the cross section is suppressed by the factor si/s <C 1 with respect to the even 
one. 

In papers the inclusive event selection set-up was considered for radiative pion pair 
production process. In such a set-up the hard photon is emitted preferably in direction close 
to the beam axes, unlike the kinematics considered here. 

We see that cross section in our quasi 2^2 kinematics can be written down in the 
form of cross-section of Drell-Yan process. It is not a trivial fact as well as that two types 
of large logarithms are present in the problem. Possible background from peripherical 
process ee — > eefift is negligible in our kinematics: it is suppressed by factor and can 
be eliminated if the registration of the primary hard photon (see Eq. (P)) is required by 
experimental conditions for event selection. 
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Appendix 



The one-loop QED form factors of muon and pion are 



Rei^( Sl ) = 1 + -f^fr), HeF 2 W( ai ) = «/00( ai ) 

7T 7T 



/i (M) (*0 



+2Li 2 



1-/3 



/ 2 W (*i) 



1 + /3 
1-/3 2 

8/3 



/3> 



ReF^( Sl ) = l + -/^i), 

7T 

(in y -l) (l 

1-/3 



1 + /3 2 
2/3 



+ 



1 + /3 2 
2/3 



--/J + ^ln 



l + l 7T 2 
2/3 3 



+2Li 2 



/3 2 



1 - 



4M 2 



,i + /3yy si 

We put here the expressions for leptonic and hadronic 
polarization operator II(s): 



= In 



1 + /3 



(A.l) 



1-/3 

contributions into the vacuum 



n(s) = u l {s) + u h {s 
n/(a) 



_ni(s) + (-) n 2 ( s )+ - n 3 (s) + ... 

7T \7T/ \7T/ 



n,( s ) 



47ra 



PV 



^-e+e — >hadrons fg'^ 



S' — S 



ds' — ma 



e+e — +hadrons/ 



The first order leptonic contribution is well known [1]: 



IIi(s) = ~L-~ + f{xj + f{x T ) - m 



- + 0(^)0(1 - x„) + 0(x r )0(l - x r ) 



where 



/(*) 



5 _ £ -L 1 

9 3 



f + i(2 + x) v / T^ In 



1-Vl-x 



for x < 1, 



■| - | + | (2 + - 1 arctan f^^j') for x > 1, 



(f)(x) = -(2 + x)Vl 



X 



fl,T 



(A.2) 



(A.3) 



6 s 
In the second order it is enough to take only the logarithmic term from the electron contri- 
bution 

II 2 ( a ) = ±(L-i7r) + C(3)-^. (A.4) 



13 



[1] V. V. Bytev,E. A. Kuraev and B. G. Shaikhatdenov, JINR preprint E2-2002-56. 
[2] E. A. Kuraev N. P. Merenkov and V. S. Fadin, Sov. J. Nucl. Phys. 45 (1987) 486. 
[3] A. I. Akhiezer and V. B. Berestetski, Quantum Electrodynamics, 1981. 



[4] V. A. Khoze et al., [hep-ph/0202021 Eur. Phys. J. C18 (2001) 481. 

[5] E. A. Kuraev, V. S. Fadin, Sov. J. Nucl. Phys. 41 (1985) 466; O. Nikrosini, L. Trentadue, Phys. 

Lett. 196B (1987) 551. 
[6] H.Anlauf et al. 

[7] P. Kessler, Nuovo Cimento 17 (1960) 809; V. N. Baier, V. S. Fadin and V. A. Khoze, Nucl.Phys. 
B65 (1973) 381; V. N. Baier, V. S. Fadin and V. A. Khoze and E. A. Kuraev, Phys.Reports 78 
(1981) 293. 

[8] S. Eidelman and F. Jegerlehner, Z. Phys. C 67 (1995) 585. 
[9] F.A. Berends and R. Kleiss Nucl. Phys. B177 (1981) 237-262 



